Our main goal in this work is to deal with results concern to the σ 2 -curvature. First we find a symmetric 2-tensor canonically associated to the σ 2 -curvature and we present an Almost Schur Type Lemma. Using this tensor we introduce the notion of σ 2 -singular space and under a certain hypothesis we prove a rigidity result. Also we deal with the relations between flat metrics and σ 2 -curvature. With a suitable condition on the σ 2 -curvature we show that a metric has to be flat if it is close to a flat metric. We conclude this paper by proving that the 3-dimensional torus does not admit a metric with constant scalar curvature and non-negative σ 2 -curvature unless it is flat.
Introduction
In 1975, Fischer and Marsden [11] studied deformations of the scalar curvature in a smooth manifold M . They proved several results concern the scalar curvature map R : M → C ∞ (M ) which associates to each metric g ∈ M its scalar curvature R g . Here M is the Riemannian metric space and C ∞ (M ) is the smooth functions space in M . Using the linearization of the map R at a given metric g and its L 2 -formal adjoint, they were able to prove local surjectivity of R under certain hypothesis. Another interesting result concerns flat metrics. They proved that if g has nonnegative scalar curvature and it is close to a flat metric, then g is also flat. Recently, Lin and Yuan [16] extended many of the results contained in [11] to the Q-curvature context.
Our goal in this work is to study deformations of the σ 2 -curvature and prove analogous results to those in [11] and [16] in this setting.
Let (M, g) be an n-dimensional Riemannian manifold. The σ 2 -curvature, which we will denote by σ 2 (g), is defined as the second elementary symmetric function of the eigenvalue of the tensor A g = Ric g − Rg 2(n−1) g, where Ric g and R g are the Ricci and scalar curvature of the metric g, respectively. A simple calculation gives
See [20] and the reference contained therein, for motivation to study the σ 2 -curvature and its generalizations, the σ k -curvature. We notice that the definition (1) and the definition in [20] are the same, up to a constant which depends only on the dimension of the manifold.
In [16] the authors observed that if γ g is the linearization of the map R and γ * g is its L 2 -formal adjoint then γ * g (1) = −Ric g and then R g = −tr g γ * g (1) . In fact, it is well known that γ g h = −∆ g tr g h + δ It is natural to ask whether for each kind of curvature there is a 2-tensor canonically associated to it and if so which information about the manifold we can find through this tensor. In [16] and [17] the authors addressed this problem in the Q-curvature context and have found some interesting results.
Motivated by the works [11] , [16] and [17] we consider the σ 2 -curvature as a nonlinear map σ 2 : M → C ∞ (M ). Let Λ g : S 2 (M ) → C ∞ (M ) be the linearization of the σ 2 -curvature at the metric g and Λ * g : C ∞ (M ) → S 2 (M ) be its L 2 -formal adjoint. After some calculations we obtain the explicit expression of Λ g and Λ * g , see Propositions 1 and 2. We will show that the relation between Λ * g (1) and the σ 2 -curvature is similar to the relation between the Ricci and scalar curvature. As a first application we derive a Schur Type Lemma for the σ 2 -curvature. Moreover, we derive an almostSchur lemma similar to that for the scalar curvature and the Q-curvature, see [10] and [17] .
We notice here that the Q-curvature is defined as
where σ 1 (g) = tr g A g . Although the σ 2 -curvature appears in the Q-curvature definition, it is not immediate that the Q-curvature and σ 2 -curvature share properties. In fact this is not true. In conformal geometry, for instance, while the Q-curvature satisfies a similar equation to the Yamabe equation, the conformal change of the σ 2 -curvature is more complicated, see [12] , [15] and [20] . In [5] , Chang, Gursky and Yang have defined a Q-singular space as a complete Riemannian manifold which has the L 2 -formal adjoint of the linearization of the Q-curvature map with nontrivial kernel. This motivated us to define the following notion of σ 2 -singular space.
where
is the L 2 -formal adjoint of Λ g . We will call the triple (M, g, f ) as a σ 2 -singular space if f is a nontrivial function in kerΛ * g . In Section 3 we will prove our first result using this notion.
R g g has a sign in the tensorial sense, then the σ 2 -curvature is constant.
(b) If f is a nonzero constant function, then the σ 2 -curvature is identically zero.
In the same direction of the vacuum static spaces and the Q-singular spaces we expected to prove that the σ 2 -singular spaces give rise to a small set in the space of all Riemannian manifold. For this purpose we prove that there is no σ 2 -singular Einstein manifold with negative scalar curvature. Theorem 2. Let (M n , g) be a closed Einstein manifold with negative scalar curvature. Then kerΛ * g = {0} that is, (M n , g) cannot be a σ 2 -singular space.
On the other hand, if a σ 2 -singular Einsten manifold has positive σ 2 -curvature, then we obtain the following rigidity result. 
Then, there is a neighborhood U ⊂ C ∞ (M ) of σ 2 (g 0 ) such that for any ψ ∈ U, there is a metric g on M close to g 0 with σ 2 (g) = ψ.
While the condition (i) in the theorem can be satisfied by manifolds of any dimension, we notice here that by the Cauchy-Schwarz inequality we have R 2 g ≤ n|Ric g | 2 . This implies that if a manifold satisfies the condition (ii), which is equivalent to R 2 g > 4|Ric g | 2 , then its dimension has to be greater than 4. It should be an interesting problem to study what happens in dimension 3 and 4. Also we do not know if the condition (ii) is needed or not, that is, if we can prove the result only with σ 2 (g) ≥ 0.
Finally in Section 4 we study the relation between flat metrics and the σ 2 -curvature which the first result reads as follows.
Theorem 5. Let (M n , g 0 ) be a closed flat Riemannian manifold with dimension n ≥ 3. Let g be a metric on M with
If ||g − g 0 || C 2 (M,g 0 ) is sufficiently small, then g is also flat.
Our last result is concerned with metrics in the 3-torus with constant scalar curvature and nonnegative σ 2 -curvature. This result can be viewed as an extension to σ 2 -curvature context of the result by Schoen-Yau [18] .
Theorem 6. The 3-dimensional torus does not admit a metric with constant scalar curvature and nonnegative σ 2 -curvature unless it is flat.
The organization of this paper is as follows. In Section 2 we do the calculations to find the linearization of the σ 2 -curvature map and its L 2 -formal adjoint.
Then we find a symmetric 2-tensor canonically associated to the σ 2 -curvature and we find an almost-Schur lemma in this context. In Section 3 we introduce the notion of σ 2 -singular space and we prove some results. For instance, we prove that under certain hypothesis a σ 2 -singular space has constant σ 2 -curvature. We prove that there is no σ 2 -singular Einstein manifold with negative scalar curvature. Another interesting result in this section is that the only σ 2 -singular Einstein manifold with positive σ 2 -curvature is the round sphere. Moreover we study a local prescribed σ 2 -curvature problem for non σ 2 -singular manifolds. Finally in Section 4 we study the relations between flat metrics and σ 2 -curvature. Also we prove a non existence result in the 3-torus.
2 A symmetric 2-tensor canonically associated to the σ 2 -curvature
In this section, we will find a symmetric 2-tensor canonically associated to the σ 2 -curvature which plays an analogous role to that of the Ricci curvature. Then using the result in [6] we find directly an almost-Schur type lemma analogous to that in [10] . Some of the calculations in this section can be found in [4] and [13] (see also [14] ). For the sake of the reader we do some of the calculations. Let (M, g) be an n-dimensional closed Riemannian manifold with n ≥ 3. Consider a one-parameter family of metrics {g(t)} on M with t ∈ (−ε, ε) for some ε > 0 and g(0) = g. Define h := ∂ ∂t t=0 g(t). It is well-known that the evolution equations of the Ricci and the scalar curvature are
and
respectively, where
is the Lichnerowicz Laplacian acting on symmetric 2-tensor. See [8] , for instance.
First we have the following lemma which the proof is a direct calculation.
Thus we can find the linearization of the σ 2 -curvature.
Proposition 1. The linearization of the σ 2 -curvature is given by
Proof. Let {g(t)} be a family of metrics as before. By (1), (3), (4) and Lemma 1 we get
and then, by the definition of the Lichnerowicz Laplacian (5), we obtain the result.
Therefore we can find the expression of Λ * g which the proof is a simple calculation using integration by parts and taking compactly supported symmetric 2-tensor h ∈ S 2 (M ).
This implies that
For any smooth vector field X ∈ X (M ), if we denote by X * its dual form, that is,
Let ϕ t be the one-parameter group of diffeomorphisms generate by X such that ϕ 0 = id M . Since the σ 2 -curvature is invariant by diffeomorphisms, we have
By (6) and (7) we obtain
The relations (8) and (9) are similar to the relations between the Ricci tensor and the scalar curvature, namely R g = tr g Ric g and div g Ric g = 1 2 dR g . In [6] and [7] , Cheng generalized the so-called almost-Schur lemma by De Lellis and Topping [10] which is close related to the classical Schur's Lemma for Einstein manifolds. As a consequence of (8), (9) and the Theorem 1.8 in [7] we find an almost-Schur type lemma for the σ 2 -curvature.
where σ 2 (g) denotes the average of σ 2 (g) over M , λ 1 denotes the first nonzero eigenvalue of the Laplace operator on (M, g). If Ric g > 0 then the equality holds if and only if Λ * g (1) = − 2 n σ 2 (g)g, with constant σ 2 -curvature. In [7] the author has proved an almost-Schur lemma for the σ k -curvature in locally conformally flat manifold. In this case, he used the Newton Transformations associated with A g and a result by Viaclovsky [22] to get a divergence free tensor and the identity (9).
σ 2 -singular space
In this section we use the definition of the σ 2 -singular space, Definition 1, to prove some interesting results. First we obtain that under a certain hypothesis a σ 2 -singular space has constant σ 2 -curvature. Then we classify all closed σ 2 -singular Einstein manifold with σ 2 -curvature. Finally in the spirit of Fischer-Marsden [11] we prove the local surjectivity of the σ 2 -curvature.
Our first result in this section reads as follows.
Proof. In the equation (7) we obtained that
Since (M n , g, f ) is a σ 2 -singular space, then Λ * g (f ) = 0 and so f dσ 2 (g) = 0. Suppose that there exists an x 0 ∈ M with f (x 0 ) = 0 and dσ 2 (g) x 0 = 0. By taking derivatives, we can see that ∇ m f (x 0 ) = 0 for all m ≥ 1. Moreover, note that by (6) the function f satisfies
By hypothesis Ric g − 1 2 R g g has a sign in the tensorial sense, which implies that (10) is an elliptic equation. By results in [1] and [9] we can conclude that f vanishes identically in M. But this is a contradiction. Therefore, dσ 2 (g) vanishes in M and thus σ 2 (g) is costant. Now, if f is a nonzero constant, then we can suppose that the constant is equal to 1. Therefore, by (8) we obtain
Lemma 2. Let (M n , g) be an Einstein manifold with dimension n ≥ 3, then
Moreover, if f ∈ ker Λ * g then
Proof. Since (M, g) is Einstein, then Ric g = Rg n g, R g is constant and
By Proposition 2 we get
.
Therefore we get (11) . Now, if f ∈ ker Λ * g , then by (6) and (13) we get
Thus we obtain (12) . The trivial examples of σ 2 -singular space are Ricci flat spaces, because by Proposition 2 we have Λ * g ≡ 0. Let M be the round sphere S n ⊂ R n+1 or the hyperbolic space
It is well known that if we take the function f defined in M by f (x) = x k for some k ∈ {1, . . . , n + 1}, then
where δ = +1 in the sphere and δ = −1 in the hyperbolic space. Since the scalar curvature of M is δn(n − 1), then by Lemma 2 we have Λ * g (f ) = 0. We point up that these example are also consequence of Tashiro's work [21] .
Up to isometries, we will prove in Theorem 10 that the round sphere is the only closed σ 2 -singular Einstein manifold with positive σ 2 -curvature.
Proof. Since (M, g) is an Einstein manifold, then by (13) we obtain that R g = 0. By Theorem 8 the function f is not constant, and by (12) in Lemma 2, it satisfies
Taking trace, we obtain
Thus
since f is not a constant function. This implies that R g > 0.
By (13) we see that does not exist Einstein manifold (M n , g) with negative σ 2 -curvature. Using Lemma 3 we get by contradiction the Theorem 9. Let (M n , g) be a closed Einstein manifold with negative scalar curvature. Then kerΛ * g = {0} that is, (M n , g) cannot be a σ 2 -singular space. Now we will show a rigidity result for closed σ 2 -singular Einstein manifold with positive σ 2 -curvature. Proof. By Lemma 3 the scalar curvature R g is a positive constant and by Theorem 8 the function f is not constant. As in the proof of Lemma 3 we obtain
that is, f is an eigenfunction of the Laplacian associated to the eigenvalue Rg n−1 . On the other hand, by Lichnerowicz-Obata's Theorem, see [19] , the first nonzero eigenvalue of the Laplacian satisfies the inequality
Moreover, the equality holds in (15) Therefore, by (14) the ker Λ * g can be identified with the eigenspace associated to the first nonzero eigenvalue λ 1 > 0 of Laplacian in the round sphere with radius r. But, it is well known that this space has dimension n + 1. Hence dim ker Λ * g = n + 1.
Since the complex projective space CP n with the Fubini-Study metric is an Einstein manifold with positive σ 2 -curvature, then we see that the condition on the singularity cannot be dropped. Also, since the hyperbolic space is a σ 2 -singular space then the theorem is false if the manifold is only complete. We also can use the Theorem 2 in [21] and (14) to prove the Theorem 10.
An immediate consequence is the following Corollary 1. Let (M n , g) be a closed Einstein manifold with positive σ 2 -curva-ture. If (M n , g) is not isometric to the round sphere, then (M n , g) is not σ 2 -singular.
Local Surjectivity of σ 2
In this section we prove a local surjective result to the σ 2 -curvature. To achieve this goal we need of the Splitting Theorem and Generalized Inverse Function Theorem which can be found in [11] . The main result in this section reads as follows.
Theorem 11 (Theorem 4). Let (M n , g 0 ) be a closed Riemannian manifold not σ 2 -singular. Suppose that (i) g 0 is an Einstein metric with positive σ 2 -curvature; or
Proof. The principal symbol of Λ * g 0 is
Taking trace, we get
Thus, tr(σ ξ (Λ * g 0 )) = 0 implies that
So, we have two cases.
) is Einstein with σ 2 (g 0 ) = 0, then by (13) we get that R g 0 = 0. Using the equation (17) and Ric g 0 = Rg 0 n g we get that ξ ≡ 0. Case 2: If (M n , g) is not Einstein, then by (17) we get
which is equivalent to
The inequality (16) implies that ξ ≡ 0. Therefore, in any case Λ * g 0 has an injective principal symbol. By the Splitting Theorem, see Corollary 4.2 in [3] , we obtain that
Since we assume that (M, g 0 ) is not σ 2 -singular, then ker Λ * g 0 = {0}, which implies that Λ g 0 is surjective.
Therefore, applying the Generalized Implicit Function Theorem, σ 2 maps a neighborhood of g 0 to a neighborhood of σ 2 (g 0 ) in C ∞ (M ).
Note that if (M n , g) is an Einstein manifold with dimension n > 4, then (16) holds. Since the round sphere S n is Einstein, then a metric in the unit sphere close to the round metric satisfies the condition (16) and is not σ 2 -singular. Also we notice here that for any metric we have R 2 g ≤ n|Ric g | 2 , thus if the inequality (16) is satisfied then n > 4.
As an immediate consequence of the Corollary 1 and the Theorem 11 we obtain the next corollary.
Corollary 2. Let (M n , g 0 ) be a closed Einstein manifold with positive σ 2 -curvature. Assume that (M n , g 0 ) is not isometric to the round sphere. Then, there is a neighborhood U ⊂ C ∞ (M ) of σ 2 (g 0 ) such that for any ψ ∈ U, there is a metric g on M closed to g 0 with σ 2 (g) = ψ.
Flat Metrics and the σ 2 -curvature
The main goal of this section is to prove the Theorems 5 and 6.
Let (M, g 0 ) be a closed Riemannian manifold. For each ε > 0 define the functional
which is defined in the space M of all Riemannian metric in M . Note that the volume element is with respect to the fixed metric g 0 . Next we find the first and second variation of the functional (18) under a special condition.
Lemma 4. Let (M, g 0 ) be a closed flat Riemannian manifold. Let h be a symmetric 2-tensor with div(h) = 0. Then the first variation of F ε at g 0 is identically zero and the second variation is given by
n g is the traceless part of h. Proof. The first variation of F ε is identically zero because of its definition (18) and the metric is flat. Now consider g(t) = g 0 + th for t small enough. Note that by (3) and (4) we get
Next, by Lemma 1 we get
Using that the metric is flat, we get that ∆div = div∆ and div∇ 2 = ∆∇. Thus, by (3), (5) and the fact that div(h) = 0 we obtain that
n g is the traceless part of h, then
Using (19) we get
Finally, by (21) and (22) at t = 0 we have
In the next result we need the following theorem (See [11] , [16] and references contained therein).
Theorem 12. Let (M, g 0 ) be a Riemannian manifold. For p > n, let g be a Riemannian metric on M such that g − g 0 W 2,p (M,g 0 ) is sufficiently small. Then there exists a diffeomorphism ϕ of M such that h := ϕ * g − g 0 satisfies that div g 0 (h) = 0 and
where c is a positive constant which only depends on (M, g 0 ).
Now we are ready to prove the Theorem 5.
Proof of the Theorem 5. By Theorem 12 there exists a diffeomorphism ϕ of M such that if we define h := ϕ * g − g 0 then div g 0 (h) = 0 and
where the positive constant c depends only on (M, g 0 ).
Expanding F a (ϕ * g) = F a (g 0 + h) at g 0 and using Lemma 4 we obtain
Besides, by hypothesis we have
Then g is a flat metric.
Proof. Since U is a bounded open set, then we can find a closed retangle R ⊂ R n such that U ⊂ R. Thus g = δ in R n \R. Identifying the boundary of R properly we obtain the torus T n with one metric satisfying (iii) and C 2 -close to the flat metric. By Theorem 5 we have that the metric g is flat.
Now we will show that in the 3-dimensional torus T 3 does not exist a metric with constant scalar curvature and nonnegative σ 2 -curvature, unless it is flat.
Proof of the Theorem 6. Suppose that g is a metric with constant scalar curvature and nonnegative σ 2 -curvature. Then by Theorem 5.2 in [18] we obtain that the scalar curvature has to be non positive and is zero if the metric is flat.
Suppose, without loss of generality, that the constant is −1. Then by (1) we have
This implies that |Ric g | 2 g ≤ 3/8. Let p ∈ M be a fixed point. Choose an orthonormal basis {e 1 , e 2 , e 3 } for T p M such that the Ricci tensor at p is diagonal. Let {λ 1 , λ 2 , λ 3 } be the eigenvalues of Ric g (p). Then we have Since the Weyl tensor vanishes in dimension 3, we obtain that the decomposition of the curvature tensor, see [8] , is given by R ijkl = R il g jk + R jk g il − R ik g jl − R jl g ik − 1 12 R g (g il g jk − g ik g jl ).
Therefore, we obtain that the sectional curvature of the plane spanned by e i and e j satisfies K(e i , e j ) = R ijji = R ii g jj + R jj g ii − 1 2 R g g ii g jj = λ i + λ j + 1 2 ≤ 0.
Thus g has nonpositive sectional curvature. However, the torus does not admit a metric with nonpositive sectional curvature, see Corollary 2 in [2] .
Lin and Yuan [16] have proved an analogous result for the Q-curvature. In dimension 3 if the scalar curvature is constant by (1) and (2) we have
In this case if the Q-curvature is nonnegative, then the σ 2 -curvature is nonnegative as well. But, by (23) we see that the sign of the σ 2 -curvature does not determine the sign of the Q-curvature. In particular, the Theorem 6 is an extension of the Proposition 5.13 in [16] .
